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ABSTRACT
Layered accretion is one of the inevitable ingredients in protoplanetary disks when disk turbulence
is excited by magnetorotational instabilities (MRIs). In the accretion, disk surfaces where MRIs
fully operate have a high value of disk accretion rate (M˙), while the disk midplane where MRIs are
generally quenched ends up with a low value of M˙ . Significant progress on understanding MRIs has
recently been made by a number of dedicated MHD simulations, which requires improvement of the
classical treatment of α in 1D disk models. To this end, we obtain a new expression of α by utilizing
an empirical formula that is derived from recent MHD simulations of stratified disks with Ohmic
diffusion. It is interesting that this new formulation can be regarded as a general extension of the
classical α. Armed with the new α, we perform a linear stability analysis of protoplanetary disks
that undergo layered accretion, and find that a viscous instability can occur around the outer edge
of dead zones. Disks become stable in using the classical α. We identify that the difference arises
from Σ−dependence of M˙ ; whereas Σ is uniquely determined for a given value of M˙ in the classical
approach, the new approach leads to M˙ that is a multi-valued function of Σ. We confirm our finding
both by exploring a parameter space as well as by performing the 1D, viscous evolution of disks. We
finally discuss other non-ideal MHD effects that are not included in our analysis, but may affect our
results.
Keywords: accretion, accretion disks – instabilities – magnetohydrodynamics (MHD) – turbulence –
protoplanetary disks
1. INTRODUCTION
The origin of disk turbulence is still poorly known (e.g.,
Armitage 2011, for a recent review), while its existence
is clearly required to account for the observed disk accre-
tion rate (e.g., Hartmann et al. 1998; Williams & Cieza
2011). One of the most promising ideas is cur-
rently the magnetorotational instability (MRI) and
the resultant MHD turbulence (Balbus & Hawley 1991;
Hawley & Balbus 1991). The fundamental process of
MRIs is angular momentum transport that is triggered
by magnetic tensions acting on charged particles in dif-
ferentially rotating disks. Based on the intensive stud-
ies that have been done over the past, more than two
decades (e.g., Balbus & Hawley 1998; Turner et al. 2014,
for reviews), a number of paramount evidence has been
obtained that the MRI is a robust instability and can
probably operate in protoplanetary disks. In fact, lin-
ear stability analyses and numerical simulations under
the ideal MHD limit confirm the feasibility of MRIs in
disks (e.g., Balbus & Hawley 1991; Hawley et al. 1995;
Davis et al. 2010), while some subtle numerical effects
that can affect MRIs still remain to be fully investigated
(e.g., Fromang & Papaloizou 2007; Simon et al. 2009).
Substantial efforts have been made to understand
MRIs in protoplanetary disks. This is mainly because gas
in the disks is generally dense and cold, so that the oper-
ation of MRIs in disks depends sensitively on non-ideal
MHD effects as well as the ionization efficiency of disks.
For the non-ideal MHD effects, Ohmic diffusion is one of
yasuhiro@caltech.edu
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the well studied effects (e.g., Jin 1996; Sano & Miyama
1999; Fleming & Stone 2003; Lesur & Longaretti 2007;
Okuzumi & Hirose 2011). It is widely accepted that
Ohmic diffusion tends to damp MRIs by smoothing fluc-
tuations in magnetic fields. The situation becomes more
complicated when ambipolar diffusion and Hall term are
considered. For instance, recent numerical simulations
show that sustainability of MRIs with ambipolar diffu-
sion is determined both by the net vertical magnetic flux
and by the vertical structure of disks (e.g., Bai & Stone
2011, 2013; Simon et al. 2013). It is important that these
results are roughly consistent with classical linear anal-
yses which simply suggest that the impact of ambipolar
diffusion is weak and minor (e.g., Blaes & Balbus 1994;
Wardle 1999; Desch 2004). Hall term provides a funda-
mentally different effect on MRIs, since it can principally
alter the configuration of magnetic fields, rather than dif-
fusing them. The importance of Hall term is still unclear
and currently a matter of debate (e.g., Sano & Stone
2002a,b; Wardle & Salmeron 2012; Kunz & Lesur 2013).
The ionization efficiency of disks can act as another
fundamental parameter for MRIs to be effective in disks
(e.g., Sano et al. 2000; Ilgner & Nelson 2006). This oc-
curs because it regulates coupling between charged par-
ticles and magnetic fields threading disks. In general,
disk surfaces and the outer part of disks can efficiently
be ionized by UV and X-rays from the central stars
(e.g., Igea & Glassgold 1999; Bergin et al. 2007) and cos-
mic rays (e.g., Umebayashi & Nakano 2009), while the
inner part of disks, where the column density is high
enough, has some difficulty to be ionized. Combining
with Ohmic diffusion that becomes dominant in high
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density regions, this general trend of MRIs leads to a
picture of layered accretion, wherein MRIs can fully op-
erate in disk surfaces and the outer part of disks, and
the so-called dead zones can be present in the inner part
of disks. This picture was initially proposed by Gammie
(1996), and invokes a number of follow-up studies re-
garding not only disk evolution but also planet forma-
tion. For instance, the presence of dead zones and the
resultant layered accretion can affect planetesimal forma-
tion (e.g., Gressel et al. 2012; Ormel & Okuzumi 2013),
planetary migration (e.g., Nelson 2005; Matsumura et al.
2009; Hasegawa & Pudritz 2011; Kretke & Lin 2012),
and planetary populations (e.g., Ida & Lin 2008;
Hasegawa & Pudritz 2013).
As discussed above, MHD simulations are clearly pow-
erful tools to investigate in detail the physics of MRIs
and the resultant MHD turbulence. Nonetheless, it still
serves as a useful reference to perform the 1D, viscous
evolution of disks, coupled with the viscous α−parameter
(Shakura & Sunyaev 1973). This is evident especially
when long-term evolution of disks and the effect of MRIs
on planet formation are the primary target of investi-
gation. In this context, interesting questions come up.
Under the circumstances that recent numerical simula-
tions elucidate MRIs more, how can such an advanced
knowledge be incorporated into simple, 1D disk models?
And, how reliable is the classical picture of layered ac-
cretion that has widely been used in the community?
To address these questions, we perform a linear stabil-
ity analysis of protoplanetary disks that undergo layered
accretion. In order to take into account the results of
recent numerical simulations and a non-ideal MHD ef-
fect, we utilize an empirical formula of α that is derived
from a MHD simulation of stratified disks with Ohmic
diffusion and dead zones (Okuzumi & Hirose 2011). We
will show below that, while the classical approach always
ends with up disks that are stable, a new approach of
layered accretion can trigger a viscous instability around
the outer edge of dead zones. This instability is a con-
sequence of α that becomes a non-monotonic function
of the surface density, and is very likely to be relevant
to disk behaviors reported in the previous studies (e.g.,
Johansen et al. 2011; Mohanty et al. 2013; Flock et al.
2015). We also perform time integration of the viscous
evolution of disks and confirm our finding. While a more
detailed numerical simulations would be needed, this in-
stability generates a noticeable, transient structure in the
surface density profile. Thus, our results suggest that,
even when the standard 1D viscous evolution of disks is
considered, a more realistic receipt of α should be used
to take into account MRIs more accurately and to mimic
the resultant MHD turbulence with non-ideal terms more
realistically.
The plan of this paper is as what follows. In Section
2, we briefly discuss our linear stability analysis in which
a dispersion relation of viscous instabilities is derived.
We also summarize our assumptions which are needed
to simplify mathematical manipulation. In Section 3,
we apply the relation to both the classical approach of
layered accretion and the new one. We discuss how a
new prescription of α can be obtained from the results of
recent numerical simulations with Ohmic diffusion. We
present the results of our stability analysis of protoplane-
tary disks, and demonstrate that a viscous instability can
occur around the outer edge of dead zones. In Section 4,
we explore a parameter space to examine whether or not
our results are valid for a certain range of model parame-
ters. We also compute the 1D, viscous evolution of disks
with the new receipt of α, and show that a viscous in-
stability can take place for disks with layered accretion.
In addition, we discuss previous work in which similar
instabilities are observed. We finally touch briefly on
other non-ideal MHD terms that are not included in our
analysis. Conclusive remarks are presented in Section 5.
2. STABILITY ANALYSIS OF DISKS
We develop a formulation with which the stability of
protoplanetary disks can be discussed.
2.1. Viscous evolution
The basic equation for governing the 1D viscous evo-
lution of gas disks is written as (e.g., Pringle 1981)
∂Σ
∂t
−
3
r
∂
∂r
[
r1/2
∂
∂r
(r1/2νΣ)
]
= 0, (1)
where ν = αcsh is the kinematic viscosity, cs is the sound
speed, and h = cs/Ω is the pressure scale height. We
adopt the famous α−prescription to parameterize the
strength of disk turbulence (Shakura & Sunyaev 1973).
2.2. Dispersion relation
We derive a dispersion relation from equation (1). The
relation will serve as a fundamental basis for the following
disk stability analysis.
As described in Section 1, the presence of dead zones
in disks and the establishment of layered accretion there
are determined by the combination of the strength of
magnetic fields that thread disks and the ionization ef-
ficiency of disks. The magnetic field strength is poorly
constrained, so that it can generally be treated as a free
input parameter in MHD simulations. The ionization
efficiency is regulated by the value of Σ, grain physics
in disks, and disk ionizing sources such as UV and X-
rays from the central stars and cosmic rays. It is ideal
to take account of all these quantities and related pro-
cesses simultaneously. In this paper, however, we adopt a
steady state profile for magnetic fields, and assume that
the value of Σ plays a dominant role in determining the
ionization efficiency. This essentially leads to a situation
that it is sufficient to focus on Σ to examine the stability
of disks that undergo layered accretion. We consider this
idealized situation, in order to shed light on the evolution
of Σ for disks with layered accretion and investigate the
resultant effect on disk stability.
Under the assumption, a dispersion relation can be
given as (e.g., Pringle 1981, for a derivation),
∂
∂Σ
(νΣ) < 0, (2)
where ν is a function of Σ alone. For simplicity, we adopt
the locally isothermal assumption hereafter. Then, we
can expand Σ and α as
Σ = Σ0 +Σ1, (3)
and
α ≃ α(Σ = Σ0) +
∂α
∂Σ
∣∣∣∣
Σ=Σ0
Σ1 ≡ α0 + α1, (4)
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where x0 is the unperturbed quantity and x1 is the per-
turbed one. As a result, equation (2) can be rewritten
as
csh
(
α1
Σ0
Σ1
+ α0
)
≡ αstacsh ≡ νsta < 0, (5)
where both αsta and νsta are functions of Σ0. Thus,
the unstable condition of disks can be determined by a
negative diffusion coefficient;
αsta < 0. (6)
Note that we have performed a linear analysis with the
WKB approximation, where Σ1 ≡ Σ¯ exp(ikr + ωt) with
kr≫ 1, and confirmed the above relation. In the follow-
ing sections, we examine αsta that is the main quantity
to regulate whether or not disks become unstable.
3. APPLICATION TO DISKS WITH LAYERED ACCRETION
We now apply the above unstable condition to disks
that undergo layered accretion. We examine both a clas-
sical approach that has widely been adopted in the liter-
ature and a more realistic approach that can be derived
from the results of recent numerical simulations. We will
show below that the latter approach of layered accretion
can end up with disks that can become unstable.
3.1. Disk models
We model disks with layered accretion. As discussed in
Section 2, we assume that Σ is the most crucial quantity
to regulate the excitation of layered accretion. Under the
assumption, a simplified formulation of layered accretion
is widely used by introducing two important values of Σ;
the one is Σcrit that is a critical value of the disk surface
density that determines whether or not disks undergo
layered accretion for a given value of Σ. The other is
ΣAZ that is the surface density of the active region in
which MRIs fully operate. When Σ < Σcrit, the active
region is extended from the disk surface to the midplane.
As a result, disks do not experience layered accretion
(i.e., ΣAZ ≃ Σ). On the other hand, layered accretion
can be realized when Σ > Σcirt. For this case, dead
zones can exist in the disk midplane, and equivalently
ΣAZ ≃ Σcrit. Thus, we can develop a disk model with
layered accretion by describing ΣAZ/Σ as
ΣAZ
Σ
≃
min[Σcrit,Σ]
Σ
= min[σ−1, 1] (7)
= (max[σ, 1])−1 ≈ (σγ + 1)−1/γ ,
where σ = Σ/Σcrit and γ is a parameter to quantify
max[σ, 1]. Note that ΣAZ/Σ (or σ) will be shown up
frequently in the following discussion. Based on our pre-
liminary study of ΣAZ that is calculated from the ioniza-
tion balance in disks, we find that the most likely value
is γ & 2, which will be used in the following sections.
3.2. Classical approach
We examine a classical treatment of layered accre-
tion. Assuming that αAD and αDZ is the strength
of turbulence in active and dead zones, respectively,
the effective value of α (αcl) is generally given
as (e.g., Kretke & Lin 2007; Matsumura et al. 2009;
Figure 1. The value of α as a function of ΣAZ/Σ. As an example,
we adopt that αAZ = 10
−2 and αDZ = 10
−4. It is assumed that β
is constant. (Equivalently, p = 1, see Section 3.5). We plot αOH ,
using the empirical formula derived by Okuzumi & Hirose (2011)
(see equation (14)). Our fitting (αsim) reproduces αOH very well
(see equation (18)). It is obvious that the classical approach (αcl)
gives the most rapid increase of α than both αOH and αsim, which
is a consequence that M˙ ∝ Σ for αcl.
Hasegawa & Pudritz 2011)
αcl≡
ΣAZαAZ + (Σ− ΣAZ)αDZ
Σ
(8)
≃αDZ + αAZ
(
ΣAZ
Σ
)
,
where it is assumed that both αAZ and αDZ are constant
and that αAZ ≫ αDZ . Figure 1 shows how αcl behaves
as a function of ΣAZ/Σ. It is important to emphasize
that this classical picture (equation (8)) explicitly sup-
poses that the disk accretion rate (M˙ ∝ αΣ) is linearly
proportional to Σ. In other words, Σ is uniquely specified
for a given value of M˙ .
We utilize equation (7) with an assumption that σ =
σ0+σ1 (where |σ1/σ0| ≪ 1). Then αcl can be written as
αcl ≃ αcl,0 + αcl,1, (9)
where
αcl,0≡αDZ + αAZ(σ
γ
0 + 1)
−1/γ , (10)
αcl,1≡−αAZ
σγ−10 σ1
(σγ0 + 1)
1+1/γ
. (11)
Since disk instabilities can be determined by the condi-
tion that αsta < 0, we compute αsta, using equation (5),
which ends up with
αsta = αDZ +
αAZ
(σγ0 + 1)
1+1/γ
> 0. (12)
Thus, we find that disks that undergo layered accre-
tion become always stable when the classical approach is
adopted (see equation (6)). As discussed below, however,
a new formulation of α that is motivated by recent nu-
merical simulations leads to a different expression of α,
and hence to an alternative outcome on the disk stability
analysis.
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3.3. An empirical formula of α by MHD simulations
Before introducing our new prescription of α, we sum-
marize an empirical formula that is derived from MHD
simulations (Okuzumi & Hirose 2011). We adopt the for-
mula to obtain a new expression of α (see Section 3.4).
Okuzumi & Hirose (2011) have recently performed ver-
tically stratified simulations of MHD turbulence, wherein
Ohmic diffusion is included to account for a non-ideal
MHD effect and the presence of dead zones. They have
explored the parameter space and obtained an empirical
formula for the viscous parameter (α) that is approxi-
mately expressed as a function of three parameters; the
plasma beta (βz), the floor value of α (αfloor), and the
ratio of the vertical extent of MRI-active zones (hAZ) to
the disk scale height (h). The plasma beta that involves
the net vertical magnetic flux is defined as
βz ≡
8piρmidc
2
s
〈BZ〉
2 =
4
√
(2pi)ΣcsΩ
〈BZ〉
2 , (13)
where ρmid is the gas density at the midplane, and 〈BZ〉
is the averaged vertical strength of magnetic fields. The
floor value of α (αfloor) is defined such that α becomes
the minimum value for fully turbulent disks (see the hor-
izontal line in the top panel of Figure 2 in Suzuki et al.
(2010)), and is expected to be αfloor ≈ 0.01.
In the end, Okuzumi & Hirose (2011) obtain the fol-
lowing form for α (see their equations (28) and (29));
αOH ≃ αfloor
[(
βz
βz0
)
−1
+ exp
(
−δ
hAZ
h
)]
. (14)
where δ = 3.6 is the numerical factor. Note that
we have simplified the original formula derived by
Okuzumi & Hirose (2011) in the above expression. This
becomes possible, because the first term of their equa-
tion (28) is generally negligible, compared to the first
term of their equation (29). The normalization factor
(βz0) is defined such that αfloor becomes a reference
value for both the first and the second terms in equation
(14). While βz0 = (530/(0.011+ 0.0043)) ≈ 3.5× 10
4 in
Okuzumi & Hirose (2011), we here take βz0 = 10
4 as a
fiducial value.
Equation (14) contains a number of general features
of MHD turbulence triggered by MRIs in protoplane-
tary disks. First, the equation is consistent with the
numerical results that the Maxwell stress is proportional
to 〈BZ〉
2
(see the first term, e.g., Hawley et al. 1995).
Second, the equation can model a situation that, when
disks become fully turbulent and dead zones disappear
(equivalently, the second term becomes unity), the value
of α approaches αfloor that is an order of 10
−2. This
trend is indeed supported by the recent numerical simu-
lations of stratified disks (Davis et al. 2010; Suzuki et al.
2010; Simon et al. 2011), while more simulations would
be needed to confirm its robustness. Thus, the sec-
ond term of equation (14) possibly regulates the pres-
ence of dead zones, given that magnetic fields are weak
enough; when hAZ ≃ 0 (i.e., no dead zone), (βz/βz0)
−1 <
exp(−δ(hAZ/h)) ≃ 1. In other words, α ≃ αfloor. When
hAZ is high, (βz/βz0)
−1 > exp(−δ(hAZ/h)) ≃ 0. Then
α ≃ αfloor(βz/βz0)
−1. For this case, dead zones can ex-
ist in disks and hence layered accretion can be realized.
In this paper, this switching plays an important role in
triggering a viscous instability as discussed below.
3.4. New prescription of α
We now discuss a new prescritopn of α for disks with
layered accretion. To proceed, we re-write equation (14)
as a function of ΣAZ/Σ. Taking account of a definition
that ΣAZ/ Σ = erfc(hAZ/h), we can fit equation (14) by
the following expression (αsim);
αsim ≃ αfloor
[(
βz
βz0
)
−1
+ k1
(
ΣAZ
Σ
)
+ k2
(
ΣAZ
Σ
)q]
.
(15)
Note that we obtain the best fit when k1 = 1/7, k2 = 6/7,
and q = 3.6 (see Figure 1). In order to make it easy to
compare the new approach with the classical one, we re-
define αfloor ≡ αAZ and
αDZ ≡ αAZ
βz0 〈BZ〉
2
0
4
√
(2pi)ΣcritcsΩ
, (16)
where 〈BZ〉0 is a characteristic value of 〈BZ〉. Then,
equation (15) becomes
αsim≡αDZ
(
〈BZ〉
〈BZ〉0
)2(
Σ
Σcrit
)
−1
(17)
+αAZ
[
k1
(
ΣAZ
Σ
)
+ k2
(
ΣAZ
Σ
)q]
.
Note that we explicitly label magnetic fields in the above
equation to visualize how they relate to the value of αsim.
It is interesting that equation (17) can be regarded as a
general extension of equation (8); the first term of equa-
tion (17) represents how the strength of disk turbulence
can be affected by magnetic fields threading disks when
dead zones exist there. In addition, a higher order term
of ΣAZ/Σ appears as the third term in the equation un-
der the condition that k1 + k2 = 1, (since αsim ≃ αAZ
when ΣAZ ≃ Σ). This arises because of the exponen-
tial function in equation (14). Thus, when the results
of MHD simulations are taken into account, the value of
αsim increases with ΣAZ more gradually than what the
classical approach expects (see Figure 1, see also equa-
tion (8)). This in turn ends up with M˙(∝ αsimΣ) that
becomes a non-monotonic function of Σ (see equation
(17)). We will show below that this trend in α (or M˙)
significantly changes disk stabilities.
In summary, we adopt the expression of α, which can
be given as (using equation (7))
αsim=αDZ
(
〈BZ〉
〈BZ〉0
)2
σ−1 (18)
+αAZ
[
1
7
(σγ + 1)
−1/γ
+
6
7
(σγ + 1)
−3.6/γ
]
.
3.5. Stability analysis
We are now in a position to perform a stability analysis
for α that is given by equation (18).
While it has been assumed so far that the magnetic
field profile (〈BZ〉) is stationary, we here attempt to
slightly relax this assumption. Let us suppose that the
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evolution of Σ can somewhat alter 〈BZ〉. Then, the
change in 〈BZ〉 (∆ 〈BZ〉) can be expressed as a func-
tion of Σ. For simplicity, we assume that ∆ 〈BZ〉
2
∝
pΣp−1∆Σ (i.e., 〈BZ〉
2 = K(r)Σ(r)p). Note that some
response of 〈BZ〉 to ∆Σ is observed in recent MHD sim-
ulations (Bai & Stone 2014). In this paper, three cases
are considered for the value of p; p = 0, p = 1, and p = 2.
For the case that p = 0, it is assumed that magnetic fields
(Bz) are constant locally, which corresponds to the case
that disk accretion never affects the configuration of mag-
netic fields that thread disks. For the case that p = 1,
it is assumed that the plasma β is constant locally. For
the case that p = 2, it is assumed that the ratio between
Σ and Bz is constant locally, which is essentially compa-
rable to perfect coupling of magnetic fields with the disk
gas. We adopt this extension, in order to trace the effect
of magnetic fields on disk stabilities.
As done in Section 3.2, we expand αsim as αsim,0 +
αsim,1 with the assumption that σ = σ0 + σ1 (with
|σ1/σ0| ≪ 1). Then, αsim,0 and αsim,1 are given as
αsim,0≡αDZσ
p−1
0 (19)
+αAZ
[
1
7
(σγ0 + 1)
−1/γ
+
6
7
(σγ0 + 1)
−3.6/γ
]
,
αsim,1≡ (p− 1)αDZσ
p−2
0 σ1 (20)
−αAZ
[
1
7
1
(σγ0 + 1)
1+1/γ
+
6
7
3.6
(σγ0 + 1)
1+3.6/γ
]
σγ−10 σ1.
Consequently, αsta that is important for a stability
analysis becomes (see equations (5) and (6))
αsta≡pαDZσ
p−1
0 (21)
+αAZ
[
1
7
1
(σγ0 + 1)
1+1/γ
+
6
7
−2.6σγ0 + 1
(σγ0 + 1)
1+3.6/γ
]
.
Figure 2 shows the resultant behavior of αsta. The
case that γ = 2 is considered (see Section 3.1). We plot
ΣAZ,0/Σ on the top, to illustrate how the parameter γ
affects ΣAZ,0/Σ as a function of σ0 (see equation (7)). On
the second to the bottom, we plot αsta as a function of σ0
with p varying; the second is for the case that p = 0, the
third is for the case that p = 1, and the bottom is for the
case that p = 2. In our formulation, the ratio, αAZ/αDZ ,
will affect the outcome of disk stability analysis. We have
here adopted that αAZ = 10
−2 and αDZ = 10
−4, and
perform a parameter study about them later (see Figure
3).
One immediately finds that the unstable condition
(αsta < 0) is achieved around σ0 = 1 for all the cases (see
Figure 2). Our results therefore indicate that disks that
undergo layered accretion can be unstable, especially in
regions where ΣAZ . Σ. The difference with the classical
approach arises largely from a slower increase of α as a
function of ΣAZ/Σ (see Figure 1), which finally provides
a negative contribution to αsta (see equation (21)). The
trend originates from the term (ΣAZ/Σ)
q with q > 1 in
equation (17), which involves the results of MHD simu-
lations (see the exponential function in equation (14)).
4. DISCUSSION
In the above sections, we demonstrate that the new
prescription of α based on the recent numerical simula-
Figure 2. The resultant value of ΣAZ,0/Σ and αsta as a function
of σ0. From the top to the bottom, the results of ΣAZ,0/Σ, those of
αsta for the case that p = 0, those of αsta for the case that p = 1,
those of αsta for the case that p = 2 are presented, respectively.
The unstable condition (αsta < 0) is obtained around σ0 = 1 for
all the cases.
tions can trigger a viscous instability when disks undergo
layered accretion. Here, we explore a parameter space to
examine how sensitive the above results are to model
parameters such as αDZ . In addition, we compute 1D
viscous evolution of disks and investigate a consequence
of the instability for disk structures on a long timescale.
Since similar instabilities have been reported in previ-
ous studies, we also discuss them. Finally, we comment
briefly on other non-ideal MHD terms that have been
excluded in our analysis.
4.1. Parameter study
We perform a parameter study to investigate how valid
are our results that are derived from the case that αAZ =
10−2 and αDZ = 10
−4. Since all the results can be scaled
by αAZ , we simply change the value of αDZ .
Figure 3 summarizes its outcome; the results for the
case that αDZ = 10
−3 are on the left panel, and those
for the case that αDZ = 10
−5 are on the right panel.
Since the dependence of αDZ disappears for the case that
p = 0, we do not show the corresponding results on each
panel. The results show that, expect for the case that
αDZ = 10
−3 and p = 2, layered accretion can trigger a
viscous instability in disks. This can be expected, be-
cause the term, pαDZσ
p−1
0 , in equation (21) provides a
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positive contribution to αsta. As a result, when a high
value of αDZ (equivalently, a high value of αDZ/αAZ) is
adopted, disks with layered accretion can be stabilized.
In summary, disks that undergo layered accretion can
become unstable as long as αDZ/αAZ < 10
−1 and p < 2
(see equation (18)).
4.2. Long-term evolution
We have so far analyzed a viscous instability based
on a linear stability analysis. We now discuss what is
a consequence of the instability on disk evolution. To
this end, we perform time integration of equation (1)
and obtain long-term evolution of disk structures. In
the computation, we adopt the viscosity model given by
equation (18) and assume that αAZ/αDZ = 100.
Figure 4 shows how a viscous instability evolves at the
outer boundary of dead zones. The results for the case
that p = 0 are presented on the top panel, those for
the case that p = 1 are on the middle panel, and those
for the case that p = 2 are on the bottom panel. We
find that the instability grows at t . 105 yr for all the
cases of p, and the surface density profile eventually ex-
hibits a prominent saw-tooth-like structure at the outer
dead zone edge, which is located at r ≃ 10 AU in our
computations. We notice that the surface density differ-
ence between crests and troughs corresponds roughly to
the ratio αAZ/αDZ = 100, and that the distance between
two crests (or two troughs) is almost identical to the grid
interval of the numerical calculation. We thus consider
that the structure does not directly relate to any physi-
cal quantity. The actual structure would involve physical
lengths such as the disk scale height and a characteristic
length of thermal diffusion. As time goes on, the disk
gas accumulates in the inner part of disks, where dead
zones are present. It is interesting that the saw-tooth-like
structure disappears around t = 106 yr. This suggests
that the structure is a transient phenomenon and can be
maintained only when the mass accretion from the outer
disk is high enough (see Figure 4).
The results also show that, for the case that p = 0, the
surface density drops locally in the inner part of disks at
5 × 106 yr (see the top). This occurs due to the mass
accretion rate (M˙ ∝ αsimΣ). For the cases that p = 1
and p = 2, M˙ becomes lower as Σ decreases (see equation
(17)). As a result, Σ reduces with time monotonically at
all the positions. For the case that p = 0, contrastingly,
M˙ becomes constant in dead zones even if Σ decreases
with time. This leads to a more efficient mass accretion
onto the central star especially in dead zones, and hence
generates a local decrement in Σ there. It is interesting
that such a rapid decrease arises when Bz is stationary.
We will discuss the feature more in a subsequent paper.
4.3. Relevance to previous studies
As discussed above, the new prescription of α for-
mulates the mass accretion rate that becomes a non-
monotonic function of Σ (see equation (17)). We have
found that such a formulation eventually triggers a vis-
cous instability (see Figure 2). This is entirely different
from the classical approach that was initially proposed
by Gammie (1996). In the approach, the mass accretion
rate is linearly proportional to Σ (see equation (8)), and
hence disks become stable against a viscous instablity.
While this is the first attempt to perform a linear
stability analysis in the framework of the α−parameter
to examine a viscous instability, excitation of similar
instabilities has already been discussed; for instance,
Johansen et al. (2011) have undertaken a pioneering
work of a viscous instability in layered accretion, wherein
local linear stability analysis is developed in a shearing
sheet formalism. As we have found in this paper, they
also confirm that viscous instability can occur in disks
with layered accretion. As another example, Flock et al.
(2015) have performed global, 3D MHD simulations of
stratified disks with Ohmic diffusion, and investigated
the structure of outer dead zone edges. They have found
that a density gap followed by a density bump is formed
there, which is very likely to result from a viscous in-
stability discussed in this paper (also see Mohanty et al.
2013). We will undertake a more comprehensive study
and examine what is the relationship between our and
their work.
Another instability that involves layered accretion may
be a gravo-magneto disk instability (e.g., Armitage et al.
2001; Zhu et al. 2010; Martin & Lubow 2014). The fun-
damental origin of this instability is mass pile-up in dead
zones; when the mass accretion rate beyond dead zones
is higher than the value of M˙ in the layered accretion
region, then the disk mass can be piled up there. This
accumulation enhances the viscous heating and heats up
the surrounding disk gas. Once the disk temperature
reaches a critical value at which disks can be thermally
ionized, MRIs become fully active even in dead zones,
and outburst events arise. Since this instability generates
a limit cycle that can be characterized by the ”S-curve”
in the νΣ− Σ diagram, it can be viewed as an analogue
of the classical thermal instability (e.g., Bell & Lin 1994;
Lodato & Clarke 2004). In general, this instability re-
quires a high value of Σ and can occur at the early disk
evolution stage. On the other hand, our viscous insta-
bility is very likely to be excited in the middle and/or
late stage of disk evolution. In fact, the formula derived
by Okuzumi & Hirose (2011) is valid for βz . 10
6 at
which Σ would be too low to thermally ionize the disk
gas. Thus, it is unlikely that these two instabilities would
overlap. Nonetheless, it may be interesting to examine
whether or not the resultant disk structure caused by our
viscous instability can serve as an initial condition for the
gravo-magneto instability; the local peaks in Σ may be
high enough to trigger the gravo-magneto instability (see
Figure 4), while the gas pressure and/or other disk insta-
bilities may prevent the instability from occurring. We
will leave a more detailed study for future work.
We simply emphasize here that a key point for the vis-
cous instability we have found is that, when dead zones
are present in disks, the mass accretion rate is entirely in-
dependent of Σ (Okuzumi & Hirose 2011; Gressel et al.
2012); assuming that vertical magnetic flux is weak
enough, α ∝ 1/βz (see Section 3.3). This in turn in-
dicates that Σ can easily fluctuates even when the con-
stant mass accretion rate is realized. In our formula-
tion, the exponential function in equation (14) serves
as a perturbation to trigger a viscous instability. This
property is completely missed in the classical α-viscosity
model. The fluctuation in Σ can modify the ionization
rate in disks, which would eventually change a dominant
Viscous Instability & Layered Accretion 7
Figure 3. Parameter study of αsta. The left panel shows the results for the case that αDZ = 10
−3, while the right panel is for
the case that αDZ = 10
−5. We confirm that disks with layered accretion can generally satisfy the unstable condition (αsta < 0) as
long as αDZ/αAZ < 10
−1 and p < 2 with the usage of the new formulation of α (see equation (18)).
non-ideal MHD term there. In this paper, we demon-
strate that a small perturbation in Σ alters effectiveness
of Ohmic diffusion and results in a viscous instability.
4.4. Other non-ideal MHD terms
We have adopted the expression of α based on
Okuzumi & Hirose (2011) that takes into account only
Ohmic diffusion (see equation (14)). This putative model
has been used, in order to qualitatively investigate how
non-ideal MHD effects can affect disk evolution and what
is their consequence on disk structures.
What happens if both ambipolar diffusion and Hall
effect would be included in our analysis? It has been
suggested over two decades that these two terms play an
important role in disk evolution (Blaes & Balbus 1994;
Wardle 1999). Nonetheless, it has recently been made it
possible to perform detailed numerical simulations (Bai
2014, 2015; Lesur et al. 2014; Simon et al. 2015). These
simulations show that these terms possibly alter the qual-
itative behavior of mass accretion in protoplanetary disks
significantly. While it is obvious that more dedicated
work would be needed to elucidate the quantitative be-
havior of disk evolution under the action of both ambipo-
lar diffusion and Hall effect , it is worth expanding our
investigation to examine whether or not similar insta-
bility can take place in protoplanetary disks when these
non-ideal MHD effects are included.
5. CONCLUSIONS
MRIs are one of the important processes that can be
considered as an origin of disk turbulence. The sustain-
ability of MRIs in protoplanetary disks is still under de-
bate, because disks provide cool and dense environments
for gas, and hence both non-ideal MHD terms and the
ionization efficiency of disks play a crucial role in exciting
MRIs. This in turn invokes a proposal of layered accre-
tion in which disk accretion rates can be composed of
two layers; in disk surface layers, MRIs are fully effective
and a high value of accretion rate can be achieved. For
the midplane of disks, contrastingly, ionization fraction
can drop rapidly due to shielding of high energy pho-
tons by a high value of column density. Coupling with
Ohmic diffusion, such a low degree of ionization fraction
can generate the so-called dead zone there, and end up
with a low value of disk accretion rate.
Ever since the pioneering work of layered accretion by
Gammie (1996), significant progress has been made on
understanding of MRIs in protoplanetary disks and the
resultant MHD turbulence. It is considerably important
and quite timely to incorporate such a progress that is
driven largely by detailed MHD numerical simulations
into a classical picture of layered accretion.
We have undertaken a linear stability analysis of pro-
toplanetary disks that undergo layered accretion. In our
analysis, we have examined both the classical approach
and a new one that is motivated by the results of re-
cent numerical simulations. We have demonstrated that,
when the classical picture of layered accretion is adopted
(see equation (8)), disks become always stable (see equa-
tion (12)). This is a simple reflection of disk accretion
rates (M˙) that are monotonic functions of Σ.
We have obtained a new prescription of α, by mak-
ing use of the results of recent MHD simulations
(Okuzumi & Hirose 2011). In the simulations, Ohmic
diffusion is included to model the presence of dead zones
in disks. Following their empirical formula (see equation
(14)), we have come up with a new recipe of α (see equa-
tion (17)). We then have performed a linear stability
analysis, and demonstrated that such a new expression
of α can generate a viscous instability around the outer
edge of dead zones (see Figure 2). This occurs, because
the resultant M˙ becomes a non-monotonic function of Σ
(see the exponential function in equation (14) and the
third term in equation (17)). More physically, this in-
volves a general feature of MRIs that, when dead zones
are present, M˙ is regulated largely by magnetic fields,
not by Σ (since α ∝ 1/βz, see Section 3.3). As a result,
Σ can vary considerably even if M˙ becomes constant.
This trend is entirely neglected in the classical view of
layered accretion. We have therefore shown a viscous in-
stability triggered by layered accretion in protoplanetary
disks, by adopting a more realistic formulation of α.
We have also performed a parameter study to exam-
ine how valid our findings are. We have shown that a
viscous instability can take place for a wide range of
model parameters (see Figure 3). To investigate the ef-
fect of the instability on disk structures, we have com-
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Figure 4. Long term evolution of Σ for disks that undergo lay-
ered accretion. In the computations, we set that αAZ = 10
−2 and
αDZ = 10
−4. For the initial condition (see the dotted line), Σ
is given by the similarity solution (Lynden-Bell & Pringle 1974),
while the magnetic field distribution is set so that βz = 106 every-
where. By adjusting the critical surface density (Σcrit), the outer
edge of dead zones is initially located at r ≃ 10 AU. From the top
to the bottom, the results for the case that p = 0, p = 1, and p = 2
are shown, respectively. The numerical simulations confirm that
a viscous instability occurs around the outer edge of dead zones,
which ends up with a noticeable saw-tooth-like structure there.
This result therefore supports our linear analysis. The saw-tooth-
like structure disappears when the disk accretion rate becomes low
at t ≃ 106 yr.
puted time evolution of Σ (see equation (1)) under the
action of α−viscosity given by equation (17). We have
demonstrated that a prominent, saw-tooth-like structure
appears around the outer edge of dead zones (see Figure
4). While a more careful examination would be required
for this transient phenomena, the numerical results can
be viewed as favored evidence for the viscous instability
found by our linear analysis. It is also interesting that
previous studies have observed a density gap and bump
around the outer edge of dead zones, which may be gen-
erated by similar instabilities. A more comprehensive
study is desired to fully understand viscous instabilities
and the resultant effect on disk structure. We have briefly
discussed other non-ideal MHD effects that have been ex-
cluded in our analysis. It is obvious that more intensive
studies would be needed to elucidate their effects on our
results.
Finally, we would like to stress the importance of global
magnetic field configuration. The mass accretion rate is
mainly determined by the magnetic flux as discussed in
this paper. Here we treated the magnetic flux (and con-
sequently αDZ) as free input parameters, but in reality
these would be determined by magnetic flux transport
in disks (Lubow et al. 1994). The magnetic flux trans-
port should be intensively explored to determine actual
αDZ (e.g., Okuzumi et al. 2014; Guilet & Ogilvie 2014;
Takeuchi & Okuzumi 2014, for recent progress on the
flux transport in protoplanetary disks). We will under-
take it in a subsequent paper.
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